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Lectures 2,3,4

Vector Analysis and Coordinate Systems 

1.1 Scalar And Vector Quantities 

A quantity is a scalar if it has only a magnitude at any location in space for a 

given time. It refers to a quantity whose value may be represented by a single 

(positive or negative) real number. To describe the mass of a body, all we need 

is the magnitude of its mass. The x, y, and z we use in basic algebra are scalars, 

and the quantities they represent are scalars. 

 A vector quantity has both a magnitude and a direction in space. Therefore, 

vectors may be space and time dependent. Common vectors include 

displacement, velocity, force, and acceleration. 

1.2 Vector Algebra 
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1.3 The Rectangular Coordinate System 

In the rectangular coordinate system we set up three coordinate axes mutually at 

right angles to each other and call them the x, y, and z axes. It is customary to 

choose a right-handed coordinate system.
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1.4 Vector Components And Unit Vectors 

The component vectors have magnitudes that depend on the given vector (such 

as r), but they each have a known and constant direction. This suggests the use 

of unit vectors having unit magnitude by definition; these are parallel to the 

coordinate axes and they point in the direction of increasing coordinate values. 

We reserve the symbol a for a unit vector and identify its direction by an 

appropriate subscript. Thus ax, ay and az are the unit vectors in the rectangular 

coordinate system. They are directed along the x, y, and z axes, respectively, as 

shown in Figure. 
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A vector rp, a pointing from the origin to point P(1, 2, 3) is written rp= ax + 2ay 

+ 3az . The vector directed from P to Q may be obtained by applying the rule of

vector addition. This rule shows that the vector from the origin to P plus the

vector from P to Q is equal to the vector from the origin to Q. The desired vector

from P(1, 2, 3) to Q(2, −2, 1) is therefore
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Differential displacement is given by dL= dxax+ dyay +dzaz 

     dL= | dL| =√𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2 

1. Differential volume is given by  dv= dxdydz

2. Differential normal area is given by ds =dydz ax = dxdz ay =dxdy az

Example: express the unit vector directed toward the point p (1,-2, 3) from an 

arbitrary point on the line described by x=-2, y= 2. 

Point a(-2,-2,z) is an arbitrary point on the line x=-2, y= 2. Then Rap = 3ax+(-2-

2)ay +(3-z)az = 3ax-4ay +(3-z)az

aRap = Rap/ |Rap| = 
3ax−4ay +(3−z)az

√9+16+(3−𝑧)2
= 

3ax−4ay +(3−z)az

√25+(3−𝑧)2
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Example : find the length of the curve z=y=x2 from A(0,0,0) to B(1,1,1) 

L= ∫ 𝑑𝐿
𝐵

𝐴
 = ∫ √𝑑𝑥2 + 𝑑𝑦2 + 𝑑𝑧2𝐵

𝐴
= ∫ √1 + (

𝑑𝑦

𝑑𝑥
)2 + (

𝑑𝑧

𝑑𝑥
)2𝑑𝑥

𝑥=1

𝑥=0
 

dy/dx= 2x; dz/dx=2x  ; L= ∫ √1 + 4(𝑥)2 + 4(𝑥)2𝑑𝑥
𝑥=1

𝑥=0
= ∫ 1 + 8𝑥2𝑑𝑥

1

0

let x=
1

√8
𝑠𝑖𝑛ℎ𝑦 = 𝑑𝑥 =

1

√8
𝑐𝑜𝑠ℎ𝑦𝑑𝑦   ;  √1 + 8𝑥2 =  √1 + 𝑠𝑖𝑛ℎ2𝑦 = 𝑐𝑜𝑠ℎ𝑦 

L=∫
1

√8
𝑐𝑜𝑠ℎ2𝑦𝑑𝑦

1

𝑥=0
=

1

√8
∫

1

2
(1 + 𝑐𝑜𝑠ℎ2𝑦)𝑑𝑦

1

0
 

1

2√8
𝑦 +

1

4√8
𝑠𝑖𝑛ℎ2𝑦 | 1

0
=

1

2√8
𝑠𝑖𝑛ℎ−1√8𝑥 +

2𝑠𝑖𝑛ℎ𝑦 𝑐𝑜𝑠ℎ𝑦

4√8
| 1

0

Sinhy=√8𝑥;  -sinh2y+cosh2y=1

 coshy= √1 + 𝑠𝑖𝑛ℎ2𝑦 =  √1 + 8𝑥2 

L= 
1

2√8
𝑠𝑖𝑛ℎ−1√8𝑥 + 

𝑥√1+8𝑥2

2
| 1

0
   ;  L= 

1

2√8
𝑠𝑖𝑛ℎ−1√8𝑥 + 

3

2
  = 1.8116(m) 

1.5 The Vector Field 

A vector field defined as a vector function of a position vector. In general, the 

magnitude and direction of the function will change as we move throughout the 

region, and the value of the vector function must be determined using the 

coordinate values of the point in question. the velocity field of the particle in 

space ,electric field intensity, magnetic field are examples of vector field. 

Example :A vector field is given by F=4x2y ax – (7x+2z) ay (4xy+2z2) az 

(a) Evaluate |F| at p(2,-3,4); (b) find a unit vector specifying the direction of

F at p; (c) describe the locus of all points on the z- axis for which |F| =1

Solution: 

(a) at p ; F -48 ax -22 ay + 8 az;  |F| = 53.4

(b) aF = F/|F|   = -0.8988 ax – 0.4119 ay + 0.1498 az

(c) on z- axis ,x=0, y=0, then F = -2z ay + 2z2 az

|F| =1= √4𝑧2 + 4𝑧4 ≫ z= ∓ 0.455 ( two points)
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1.6 The Dot Product 
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1.7 The Cross Product 
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1.8 Circular Cylindrical Coordinates 

The circular cylindrical coordinate system is normally known as the cylindrical 

coordinate system. The cylindrical coordinate usually refers to the three-

dimensional polar coordinate in analytical geometry. This coordinate is 

represented by (ρ, φ, z). The ρ coordinate 

represents the radius of the cylinder, φ 

represents the magnitude of the circumference 

of the specific point on the surface of the 

cylinder and z represents the coordinate as 

represented by rectangular coordinate system. 

Consider a point M(ρ, φ, z) on the cylindrical 

system as shown in Fig .The vector A can be 

written in terms of its components as 
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1.9 The Spherical Coordinate System 
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