Lectures 2,3.4

Vector Analysis and Coordinate Systems
1.1 Scalar And Vector Quantities

A quantity is a scalar if it has only a magnitude at any location in space for a
given time. It refers to a quantity whose value may be represented by a single
(positive or negative) real number. To describe the mass of a body, all we need
Is the magnitude of its mass. The X, y, and z we use in basic algebra are scalars,
and the quantities they represent are scalars.

A vector quantity has both a magnitude and a direction in space. Therefore,
vectors may be space and time dependent. Common vectors include
displacement, velocity, force; and acce |

G =2a, —2a, —a,

(

1.2 Vector Algebra

The addition of vectors follows the parallelogram law. Figure shows the sum
of two vectors, A and B. It is easily seen that A + B = B + A, or that vector
addition obeys the commutative law. Vector addition also obeys the associative law,

A+ B+OCO=A+B)+C

The rule for the subtraction of vectors follows easily from that for addition, for
we may always express A — B as A+ (—B); the sign, or direction, of the second vector
is reversed, and this vector is then added to the first by the rule for vector addition.

Vectors may be multiplied by scalars. The magnitude of the vector changes, but
its direction does not when the scalar is positive, although it reverses direction when
multiplied by a negative scalar. Multiplication of a vector by a scalar also obeys the
associative and distributive laws of algebra, leading to

r+s)A+B)=r(A+B)+s(A+B)=rA+rB+sA+sB

Division of a vector by a scalar is merely multiplication by the reciprocal of that
scalar. Two vectors are said to be equal if their difference is zero,

orA=BifA—-B=0.
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1.3 The Rectangular Coordinate System

In the rectangular coordinate system we set up three coordinate axes mutually at
right angles to each other and call them the X, y, and z axes. It is customary to
choose a right-handed coordinate system.
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(a) A right-handed rectangular coordinate system.
(b) The location of points P(1, 2, 3) and Q(2, -2, 1).

-

(b)

Volume = dx dy dz

dx dy dz

* =
dy d= - dxdz

dy

¥

(c)
(c) The differential volume element in rectangular coordinates; dx, dy, and dz
are, in general, independent differentials.
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1.4 Vector Components And Unit Vectors

The component vectors have magnitudes that depend on the given vector (such
as r), but they each have a known and constant direction. This suggests the use
of unit vectors having unit magnitude by definition; these are parallel to the
coordinate axes and they point in the direction of increasing coordinate values.
We reserve the symbol a for a unit vector and identify its direction by an
appropriate subscript. Thus ax, ay and az are the unit vectors in the rectangular
coordinate system. They are directed along the X, y, and z axes, respectively, as
shown in Figure.

r=xty-t+z

(a) (b)

(@) The component vectors x, y, and z of vector r. (b) The unit
vectors of the rectangular coordinate system have unit magnitude
and aredirected toward increasing values of their respective variables.

Any vector B then may be described by B = B,a, + B,a, + B.a.. The magnitude
of B written |B| or simply B, is given by

B = /B2 + B2 + B

and @ unit vector in the direction of the vector B is

B B

a

B —_—
\/B_;’, +B2+B2 B



yousi
Pencil

yousi
Pencil

yousi
Pencil

yousi
Pencil


A vector rp, a pointing from the origin to point P(1, 2, 3) is written r,= ax + 2ay
+ 3az . The vector directed from P to Q may be obtained by applying the rule of
vector addition. This rule shows that the vector from the origin to P plus the
vector from P to Q is equal to the vector from the origin to Q. The desired vector
from P(1, 2, 3) to Q(2, =2, 1) is therefore

RpQ =Trg —Ip= (2—Da, +(-2— 2)3_\‘ + (1 - 3)3;
=a, —4a, —2a.

0(2,-2,1)

Specify the unit vector extending from the origin toward the point G(2, —2, —1).

Solution. We first construct the vector extending from the origin to point G,
G =2a, —2a, —a,

We continue by finding the magnitude of G,

Gl = V(2 + (22 + (12 =3
and finally expressing the desired unit vector as the quotient,
—_— G —_—

G|
A special symbol is desirable for a unit vector so that its character is immediately
apparent. Symbols that have been used are ug, ag, 1g, oreven b.

w2
Wit

ag a, — 3a, — ;a, = 0.667a, — 0.667a, — 0.333a,

D1.1. Given points M(—1,2,1), N(3,—-3,0), and P(-2, -3, —4), find:
(@) Ryw: (b)) Ryn + Rygp: (©) [ra: (d) apps () [2rp — 3ry|.

Ans. 4a, — 5a, — a;; 3a, — 10a, — 6a;: 2.45; —0.14a, — 0.7a, — 0.7a;; 15.56




Example Three vectors are given by A = 4a, —3a, +a.,B = 2a, —5a, —4a;
and C = —a, +3a, + 6a_, respectively. Determine the magnitude of (1) R, = A+B
and 2)R, =B - C.

Solution

1. The magnitude of R, can be determined as

R, =4a, —3a, +a. + 2a, — 5a, —4a, = 6a, — 8a, — 3a_,

IRq| = \/62 +(—8)* +(=3)* = 10.44.
2. The magnitude of R; can be calculated as

R, =2a, —5a, —4a, +a, — 3a, — 6a, = 3a, —8a, — 10a_,

IR,| = \/33 + (—8)> + (—10)*> = 13.15.
Example A unit vector is parallel to the resultant (addition) vector of A = 2a, +
3a, + 6a; and B = 5a, — a, — 2a,. Determine the unit vector.

Solution The resultant vector can be determined as
R.=A+B=7a, +2a,+4a..

The unit vector can be calculated as
R, 7a,+2a, +4a,
IR, | VT2 422 + 42

a“’

= 0.84a, + 0.24a, + 0.48a,.

Differential displacement is given by dL= dxax+ dyay +dza,

di=|di =/dx? + dy? + dz2

1. Differential volume is given by dv= dxdydz
2. Differential normal area is given by ds =dydz a, - dxdz a, =dxdy a,

Example: express the unit vector directed toward the point p (1,-2, 3) from an
arbitrary point on the line described by x=-2, y= 2.

Point a(-2,-2,z) is an arbitrary point on the line x=-2, y= 2. Then Rap = 3ax+(-2-
2)ay +(3-2)a, = 3ax-4ay +(3-2)a,

3ax—4ay +(3—-z)az _ 3ax—4ay +(3-z)az

Jo+16+(3-2)2 25+ (3-2)2

aRap = Rap/ |Rap| =



Example : find the length of the curve z=y=x? from A(0,0,0) to B(1,1,1)

L= [ dL= [ JdxZ +dy? +dz2 = [ [1+ ()2 + (D)dx

dy/dx= 2x; dz/dx=2x ; L= f;:ol\/l + 4(x)2 + 4(x)%dx = fol 1+ 8x2dx

1. 1 .
let X=—= sinhy =dx = ﬁcoshydy ; V1 + 8x2 = /1 + sinh?y = coshy

1,11
L= fx —coshzydy =% fo =(1+ cosh2y)dy

1 1 2sinhy coshy
\/_y+4\/_5mh2y|0 —2\/_5th V8x +—4\/_ |0

Sinhy=+/8x; -sinh?y+cosh?y=1
coshy=./1 + sinh?y = V1 + 8x2

_ 1 .. xV14+8x2 1
L—2\/§3mh V8x + > |

1.5 The Vector Field

. —L 1 -1 E -
, L= o =sinh V8x + ~ =1.8116(m)

A vector field defined as a vector function of a position vector. In general, the
magnitude and direction of the function will change as we move throughout the
region, and the value of the vector function must be determined using the
coordinate values of the point in question. the velocity field of the particle in

space ,electric field intensity, magnetic field are examples of vector field.

Example :A vector field is given by F=4x?y ax — (7x+2z) ay (4xy+2z?) az

(a) Evaluate |F| at p(2,-3,4); (b) find a unit vector specifying the direction of

F at p; (c) describe the locus of all points on the z- axis for which |F| =
Solution:
(@atp;F-48ax-22ay +8az; |F|=53.4
(b)ar = F/|F| =-0.8988 ax —0.4119 ay + 0.1498 az
(c) on z- axis ,x=0, y=0, then F = -2z ay + 2z% az
|F| =1=+V4z2 + 4z* > z= F 0.455 ( two points)
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1.6 The Dot Product

Given two vectors A and B, the dot product, or scalar product, is defined as
A= A.\'a_\' + A_‘ra_‘.' + A;ai B = B.ra.r + B_\'a_\' + B:a:'
A-B = |A||B|cosf,p

A - B == A\B\+ A_\-B_\- + A;B:
A-A=A%=|A)
a,-a, = 1; any unit vector dotted with itself is unity

B-a= |B||a|cosfp, = |B|cosbp,

Thus, B - a is the projection of B in the a direction.

B-a (B-a)a
(a) (b)

projection of B (a) The scalar component of B in the direction of the unit vector a is
B - a. (b) The vector component of B in the direction of the unit vector a is (B - a)a.

m In order to illustrate these definitions and operations, consider the vector field G =
ya, —2.5xa, + 3a. and the point Q(4, 5, 2). We wish to find: G at Q; the scalar com-
ponent of G at Q in the direction of ay = %(23_\. + a, — 2a.); the vector component
of G at Q in the direction of ay; and finally, the angle 6, between G(rp) and ay.

Solution. Substituting the coordinates of point Q into the expression for G, we have
G(rp) = 5a, — 10a, + 3a,
Next we find the scalar component. Using the dot product, we have

G-ay = (5a, — 10a, +3a,) - 1(2a, +-a, —2a,) = 1(10 — 10 — 6) = —2



The vector component is obtained by multiplying the scalar component by the unit
vector in the direction of ay,
(G-ay)ay = —(2)_%(23_\. +a, —2a;) = —1.333a, — 0.667a, + 1.333a,
The angle between G(rp) and ay is found from
G-ay =[Gl cosg, = —2 = +/25 + 100 + 9cos O, and Oga = cos™ —1_24 —99.9°
1.7 The Cross Product

The cross product A x B is a vector; the magnitude of A x B is equal to the product
of the magnitudes of A, B, and the sine of the smaller angle between A and B; the
direction of A x B is perpendicular to the plane containing A and R

A x B = ay|A| [B|sinf5 A )
a, a, a,
_
=
=

AxB=|A, A, A.

B, B, B,

a, xa,=a;,a, xa =a,,anda, xa, =a,.

AxB=(AyB.—-A.Bya, +(A.B, —A.B.)a, + (A.B, — A,B,)a;
AxA =0

=
(A x B) # (B x A). ¥ A B
(AxB)=—-B x A).

AxB+OCO=AxB+AxC.
AxBxC)+ (AxB)xC. leB

Thus, if A = 2a, —3a, +a, and B = —4a, — 2a, 4 5a_, we have

a, a, a
AxB=|2 -3 1
—4 -2 5

= [(=3)(5) — (1(-=2)]a, — [2)(5) — (D(~H)]a, + [2(~2) — (~3)(~H)]a;
—13a, — 143_\- — 16a,

Example Three vectors are given by A = 2a, 4 3a, —4a_, B = a, +3a, — 5a.
and C = 3a, + 4a, — 6a_, respectively. Determine the vector A « B x C.

Solution (1) The cross product can be determined as

2 3 -5
AeBxC=|1 3 —5 =2(—18+20)—3(—64+15)—5(4 —9) = 2.
3 4 —6



1.8 Circular Cylindrical Coordinates

The circular cylindrical coordinate system is normally known as the cylindrical
coordinate system. The cylindrical coordinate usually refers to the three-
dimensional polar coordinate in analytical geometry. This coordinate is
represented by (p, ¢, z). The p coordinate - .

represents the radius of the cylinder, ¢ A
represents the magnitude of the circumference Vol A
of the specific point on the surface of the p (0. 6.2
cylinder and z represents the coordinate as ~| M o
represented by rectangular coordinate system. \ap
Consider a point M(p, ¢, z) on the cylindrical >
system as shown in Fig .The vector A can be

written in terms of its components as /

A= Apap 4 A¢,a¢. + A;ﬂz = (AP,A(;;, A—)

The ranges of the coordinates are

T
|
| a
D<p<oo,0<¢ <2m, —00 <7< 0. y: | ¢
¥ |
x
The magnitude of the cylindrical vector is p | > 2
.r

Al= A2+ 42+ A2

the properties of unit vectors are

a,ea, = aj,ea, = a.ea, = |,

a,ea, —ajea — a.ea, = 0,

a, xa; =a, a, xa. =a, a.xa, =ay.

the relations from Cartesian to cylindrical coordinates

can be written as
p=Vx*+y?

y
¢ =tan"'=
:

the relations from cylindrical to Cartesian coordinates can be written

X = pcose,

y = psing

7 =7
~ e

v



the conversion of unit vectors from cylindrical to Cartesian

15 a, = cos¢a, — sin Pay,
a, =sing¢a, + cos ¢pa,
a.—=a..

The dot products of unit vectors in Cartesian and cylindrical coordinate systems can
be determined as

ap a¢ a.
A, =Aea, = A,cos¢p — A,sing, ae | cos¢ |[—sing 0
Ay=Aea, = A,sing+ A,cos¢ aye sin¢ cos ¢ 0
A— = A e d. —= A;. a;_. 0 0 1
A,=Aea,= A ,cosp+ A,sing,
Ay =Aeay= —A,sing+ A cos¢
A.=Aea, = A,
the differential length, can be written as
dl = dpa‘o + pd¢a¢ + dza:’ z=a CU_ﬂ_hlélH[
normal surface N
& P
L]
dS = pde¢dza,,
= dpd(bﬁ,;,, y
= pdpdga,
and volume
dv = pdpdodz. : N
s - ¢ = a constant
Y

¢

£ = a constant

m Transform the vector B = ya, — xa, + za, into cylindrical coordinates.

Solution. The new components are

B, =B-a,=y(a,-a,) —x(a,-a,)

= ycos¢ —xsing = psingpcos¢ — pcosgsing =0
By =B-a, = y(a,-ay) — x(a, -ay)

= —ysingg —xcos¢p = —psin’¢p — pcos?p = —p

Thus, B = —pa, + za,

10



1.9 The Spherical Coordinate System

The point in spherical coordinates is defined as M(r, 6,¢). A radial line with the
length of r is drawn at an angle 6 with the z-axis and the unit vectors of this system
are a,, a5 and a, as shown in Fig. Here, a, is parallel to the radial line and the

unit vector a, is tangent to the sphere, and it increases in the direction of increasing
¢. The unit vector ay is basically a tangent to the sphere,

and it increases in the direction of increasing 6. The vector A in terms of
spherical components can be written as

A= A,.a,. + Agag + A¢a¢ = (Ar, Ag, A¢)

The ranges of the coordinatesare 0 <r <00, 0 <6 <m, 0 < ¢ < 27.

The magnitude of the vector can be written as Al = \/A,_2 g A¢2.

The transformation of scalars from the rectangular to the spherical coordinate
X = rsin6 cos ¢ y = rsinf sin ¢ z=rcosf

The transformation in the reverse direction

(r=0) /
(0° < 6 < 180°) /

Dot products of unit vectors in spherical l‘
and rectangular coordinate systems |
L

a, ag ag

a,- sinf cos ¢ cosf cos ¢ —sin¢
a,- sin 6 sin ¢ cos 6 sin ¢ cos ¢
a. cosf —sinf 0

In this coordinate system, the properties of unit vectors are
a,ea, —a;ed; —aseay, =1,
a,ea, —a,ea; —a;ea =0,

a, X dg = dy, a5 X ay =a, . ay X a, = ag.
the following expressions can be written
p=rsinf, x=pcos¢,y=psing z=rcosb.
X =rsind cos ¢ y =rsinfsing.
the relationship between the Cartesian and the spherical coordinates.

r=Ve+y 42, g=cos ), qb:tan_l(z).
f'xZ_l_yZ_'_Z?. X

11



a, = sinf cos ¢a, + sin 6 sin¢ga, + cosba,.
a5 = cost cos ¢a, + cosf singa, — sinba.
a; = —singa, + cos¢a,.
The position vector in Cartesian coordinates is
r =rsinfcosga, + rsinf singa, + rcosta,.
A, = A;sinffcos¢p + A,sinfsinp + A cos®,
Ay = A,cosbfcos¢p + Aycosfsing — A, sinf
Ay =—A,sing + Ay Coéqb.
A, = A, sinflcos ¢ + Ay cosf cosgp — Ay sin @,
Ay, = A,sinfsin¢g + Ay cosf sing + Ay cos ¢

A. = A,cosfl — Agsinf.

The expression of differential length is dl = dra, + rdfag + r sinOdga,.

the expressions of differential area  dS = r?sin6dfdpa,.
= rsinfdrdgay,
= rdrdbay,

and volume can be written as ~ dv = r?sin6drd6d¢.

Example A point in Cartesian coordinates is given by P(1, 3,2). Convert this
point into spherical coordinates.

Solution The components of spherical coordinates can be determined as

r=vxl+y2 +2 =12 432 +22 =374

2
6 = cos™! < =cos ' [ —= ) = 57.69° and
x2+yr 472 V14

12





